In this paper we consider measurepreserving dieomorphisms of the torus with zero entropy. We prove that every ergodic C 1 dieomorphism with linear growth of the derivative is algebraically conjugated to a skew product of an irrational rotation on the circle and a circle C 1 cocycle. We also show that for no positive real β = 1 does an ergodic C 2 -dieomorphism of polynomial growth of the derivative with degree β exist.
Introduction
Let M be a compact Riemannian C 1 manifold, B its Borel σalgebra and µ its probability Lebesgue measure. Assume that f : (M, B, µ) → (M, B, µ) is a measurepreserving C 1 dieomorphism of the manifold M . Denition 1. We say that the derivative of f has linear growth if the se-
converges µa.e. to a measurable µnonzero function g : M → x∈M L(T x M ), i.e. there exists a set A ∈ B such that µ(A) > 0 and g(x) = 0 for all x ∈ A.
Our purpose is to study ergodic dieomorphisms of torus with linear growth of the derivative. 1991 Mathematics Subject Classication: 28D05.
Research partly supported by KBN grant 2 P03A 002 14 (1998) and by the Foundation for Polish Science By T 2 (T) we will mean the torus R 2 /Z 2 (the circle R/Z) which most often will be treated as the square [0, 1) × [0, 1) (the interval [0, 1)) with addition mod 1; λ will denoted Lebesgue measure on T 2 . One of the examples of the ergodic dieomorphisms with linear growth of the derivative is a skew product of an irrational rotation on the circle and a circle C 1 -cocycle with nonzero topological degree. Let α ∈ T be an irrational number and let ϕ : T → T be a C 1 cocycle. We denote by d(ϕ) the topological degree of ϕ. Consider the skew product T ϕ : (T 2 , λ) → (T 2 , λ) dened by
Lemma 1. The sequence 1 n DT n ϕ converges uniformly to the matrix
Proof. Observe that
By Ergodic Theorem, the sequence
It follows that if d(ϕ) = 0, then T ϕ is the ergodic (see [3] ) dieomorphism with linear growth of the derivative.
We will say that dieomorphisms f 1 and f 2 of T 2 are algebraically conjugated if there exists a group automorphism ψ :
It is clear that if f 1 has linear growth of the derivative, f 1 and f 2 are algebraically conjugated, then f 2 has linear growth of the derivative. Therefore every C 1 dieomorphism of T 2 algebraically conjugated to a skew product T ϕ with d(ϕ) = 0 has linear growth of the derivative.
The aim of this paper is to prove that every ergodic measurepreserving C 1 dieomorphism of the torus with linear growth of the derivative is algebraically conjugated to a skew product of an irrational rotation on the circle and a circle C 1 cocycle with nonzero degree. In [3] , A. Iwanik, M. Lema`nczyk, D. Rudolph have proved that if ϕ is C 2 cocycle with d(ϕ) = 0, then the skew product T ϕ has countable Lebesgue spectrum on the orthocomplement of the space of functions depending only on rst variable. Therefore every ergodic measurepreserving C 2 dieomorphism of the torus with linear growth of the derivative has countable Lebesgue spectrum on the orthocomplement of its eigenfunctions.
It would be interesting to change the denition of linear growth of the derivative. For example, one could study a weaker property that there exist positive real constants a, b such that
for every natural n. Of course, if a dieomorphism is C 1 conjugated to a skew product of an irrational rotation on the circle and a circle C 1 cocycle with nonzero degree, then it satises this weaker property and is ergodic. The inverted fact might be true, too.
Linear growth
Assume that f : (T 2 , λ) → (T 2 , λ) is a measurepreserving C 1 dieomorphism. Then there exists the matrix {a ij } i,j=1,2 ∈ M 2 (Z) and Z 2 periodic (i.e. periodic of period 1 in each coordinates)
Denote by f 1 , f 2 : R 2 → R the functions given by
for allx ∈ R 2 . Suppose that the dieomorphism f is ergodic. We will need the following lemmas.
Lemma 2. If the sequence
for λa.e.x ∈ T 2 and all natural n.
Proof. Let A ⊂ T 2 be a full measure f invariant set such that ifx ∈ A, then lim n→∞
. Assume thatx ∈ A. Then for any naturals m, n we have m + n m
and f nx ∈ A. Letting m → ∞, we obtain
forx ∈ A and n ∈ N.
Lemma 3.
Proof. Choose a sequence {A k } k∈N of measurable subsets of A (see proof of Lemma 2) such that the function g :
Then there exists an increasing sequence {m i } i∈N of naturals such that f m i A kx →ȳ. Hence there exists an increasing sequence {n i } i∈N of naturals such that f n ix →ȳ and f
for any natural k. It follows that
Lemma 4. Let A, B ∈ M 2 (R) be nonzero matrixes. Suppose that
Then there exist real numbers a, b = 0 and c such that Df n converges λa.e. to a nonzero measurable function g : T 2 → M 2 (R). Then there exist a measurable function h : T 2 → R and c ∈ R such that
Moreover, h(x) = 0 for λa.e.x ∈ T 2 .
Proof. Denote by F ⊂ T 2 the set of all pointsx ∈ T 2 with g(x) = 0. By Lemma 2, the set F is f invariant. As f is ergodic and λ(F ) > 0 we have λ(F ) = 1. By Lemma 3, we can ndȳ ∈ T 2 such that g(ȳ) = 0, g(ȳ) 2 = 0 and g(x) = 0, g(x) 2 = g(x)g(ȳ) = 0 for λa.e.x ∈ T 2 . An application of Lemma 4, completes the proof.
Assume that f : (T 2 , λ) → (T 2 , λ) is an ergodic measurepreserving C 1 dieomorphism with linear growth of the derivative. Then the sequence 1 n Df n converges λa.e. to a function g : T 2 → M 2 (R). In the remainder of this section assume that g can be represented as follows
where h : T 2 → R and c ∈ R. We can do it because the second case
reduces to case c = 0 after interchanging the coordinates, which is an algebraic isomorphism. Now by Lemma 2,
for λa.e.x ∈ T 2 . It follows that
for λa.e.x ∈ T 2 . Therefore
for λa.e.x ∈ T 2 . Since the functions f 1 , f 2 : R 2 → R are of class C 1 the equality holds for everyx ∈ R 2 . Then there exists a C 1 function u : R → R such that
Proof. Represent the dieomorphism f as follows
where {a ij } i,j=1,2 ∈ M 2 (Z) and f 1 , f 2 :
Since the function
From (3) it follows that
Du( x 1 − c x 2 ) = a 11 − ca 21 , −cDu( x 1 − c x 2 ) = a 12 − ca 22 .
Hence (4)
a 12 − ca 22 = −c(a 11 − ca 21 ).
Since v is continuous and c is irrational we conclude that the function v is constant and equal to a real number v. Therefore f 1 − c f 2 = v and
As the dieomorphism f preserves measure λ we have det Df = ε, where ε ∈ {−1, 1}. Then
by (4) . Since for a certainx ∈ R,
(x) = 0 we see that a 11 a 22 − a 12 a 21 = ε and
Since f 2 is Z 2 periodic and c is irrational, the function s is constant and equal to a real number s. It follows that f (x 1 , x 2 ) = (a 11
n for any natural n. It follows that the function g is constant and nally that h is constant. From (1), we get c −c
a 11 a 12 a 21 a 22 .
Hence 1 = a 11 − ca 21 and −c = a 12 − ca 22 . Since c is irrational, we conclude that a 11 = 1, a 12 = 0, a 21 = 0, a 22 = 1.
Lemma 7. If c is rational, then there exist a group automorphism ψ :
Proof. Denote by p and q the integers such that q > 0, gcd(p, q) = 1 and c = p/q. Choose a, b ∈ Z with ap+bq = 1. Consider the group automorphism ψ :
and let π i : T 2 → T be the projection on ith coordinate for i = 1, 2. From (2),
Therefore, f 1 depends only on rst variable. Then
. 0) is an integer constant. As the map
is continuous, it follows that
Theorem 8. Every ergodic measurepreserving C
with linear growth of the derivative is algebraically conjugated to a skew product of an irrational rotation on T and a circle C 1 cocycle with nonzero degree.
Proof. Let f : (T 2 , λ) → (T 2 , λ) be an ergodic C 1 dieomorphism with linear growth of the derivative. Then the sequence 1 n Df n converges λa.e. to a nonzero measurable function g : T 2 → M 2 (R). By Lemma 5, there exist a measurable function h : T 2 → R and c ∈ R such that
for λa.e.x ∈ T 2 . First note that c is rational. Suppose, contrary to our claim, that c is irrational. By Lemma 6, Df n = I for all natural n. Therefore the sequence 1 n Df n converges uniformly to zero, which is impossible. By Lemma 7, there exist a group automorphism ψ :
As f is ergodic, the map
is ergodic. It follows immediately that ε 1 = 1 and α is irrational.
Next note that ε 2 = 1. Suppose, contrary to our claim, that ε 2 = −1. Then
.
By Ergodic Theorem,
uniformly. Therefore the sequence
2n
Df 2n converges uniformly to zero, which is impossible. It follows that
where α is irrational. By Lemma 1, the sequence
. It follows that the topological degree of ϕ is not equal to zero, which completes the proof.
For measurepreserving C 1 dieomorphisms Lemma 1 and Theorem 8 give the following characterization of the property to be algebraically conjugated to a skew product of an irrational rotation and a C 1 cocycle with nonzero degree. Corollary 1. For a measurepreserving C 1 dieomorphism f : (T 2 , λ) → (T 2 , λ) the following are equivalent:
(i) f is ergodic and has linear growth of the derivative;
(ii) f is algebraically conjugated to a skew product of an irrational rotation on the circle and a circle C 1 cocycle with nonzero degree.
Polynomial growth
Assume that f : (M, B, µ) → (M, B, µ) is a measurepreserving C 2 dieomorphism of a compact Riemannian C 2 manifold M . Let β be a positive real number. We say that the derivative of f has polynomial growth with degree β if the sequence Theorem 9. For no positive real β = 1 does an ergodic measurepreserving C 2 dieomorphism of polynomial growth of the derivative with degree β exist.
